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Abstract

We introduce an alternative closed-form objective function for parameter estimation

in the Gaussian process (GP) based on the Rényi α-divergence. This objective offers a

structured and tunable balance between model-fit and prior regularization and therefore

is capable of controlling the enforced regularization on the objective. We then show

that the Rényi divergence from the true GP posterior can be made arbitrarily small

under the proposed objective and derive convergence rates for a class of smooth and

non-smooth kernels. Experiments on a wide range of real-life engineering applications

show that the proposed objective is promising and can deliver significant improvement

over several state-of-the-art GP approaches.
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1 Introduction

The Gaussian process (GP , also known as kriging) is a collection of random variables, any

finite number of which has a joint Gaussian distribution [Sacks et al., 1989, Currin et al.,

1991]. It is widely used to reconstruct functions based on their scattered observations. In

literature, GPs were originally used to tackle regression problems in meteorology [Thompson,

1956, Daley, 1993], geostatistics [Matheron, 1973, Journel and Huijbregts, 1978] and spatial

statistics [Ripley, 1981].

Over the past two decades, GP theory and its application has seen great success in

various statistics areas. These include experimental design [Krishna et al., 2020, Gramacy

and Apley, 2015, Joseph et al., 2019], Bayesian optimization [Snoek et al., 2012, Rana et al.,

2017, Wang et al., 2019b], computer experiments and calibration [Kennedy and O’Hagan,

2001, Plumlee et al., 2020, Plumlee, 2019, Sung et al., 2020, Gramacy, 2020], reliability

[Wei et al., 2018], reinforcement learning and bandits [Srinivas et al., 2009] and recently

deep learning [Damianou and Lawrence, 2013, Bui et al., 2016, Matthews et al., 2018].

Indeed, this success is due to the many desirable properties GPs possess, such as their

uncertainty quantification capability and highly flexible model priors where prior knowledge

can often be readily accommodated in the mean and covariance function. This progress was

also observed on a theoretical level. Matthews et al. [2018] prove that a fully connected,

feedforward network will converge to a GP as the network width goes to infinity. This

exciting work has brought upon many insightful connections between GPs and deep neural

networks [Jacot et al., 2018, Yang, 2019]. Chen et al. [2020] show that mini-batch stochastic

gradient descent can be applied in correlated settings, specifically within a GP; a result

that allowed scaling GPs far beyond what is currently possible. Wang et al. [2019b] derived

uniform error bounds for GPs trained using a Matérn kernel. These bounds were then used

to find generalization bounds for Bayesian optimization and sequential experimental design

[Martinez-Cantin, 2014, Yue and Kontar, 2020b, Tuo and Wang, 2020].

In this paper, we focus on parameter estimation within GPs through defining an objective

for obtaining parameter estimates. Hereby, we start by presenting our main result. Detailed

notation will be further highlighted in the coming sections. More specifically, we introduce
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an alternative objective for a GP that aims at minimizing the Rényi α-divergence between

the true and approximated posterior. Let φ(Y |·, ·) denote a multivariate Gaussian density

for the set of observations Y and | · | a determinant operator. The alternative objective is

given as

Lα(q∗) = log{φ(Y |0, σ2
ε I + (1− α)Kf ,f + αQ)}+ log |I + 1− α

σ2
ε

(Kf ,f −Q)|
−α

2(1−α) ,

where Kf ,f is the full covariance matrix, σ2
ε is the noise parameter, Q = Kf ,UK

−1
U ,UKU ,f

is a Nyström low-rank approximation of the exact covariance matrix Kf ,f and U is a

collection of latent variables. Here α ∈ [0, 1) is a tuning parameter.

Our proposed objective is a lower bound on the commonly used marginal likelihood

function, given as log p(Y |X) and contains a rich family of GP inference models including

variational inference (VI). This bound offers a structured and tunable balance between

model-fit and prior regularization and therefore is capable of controlling the enforced

regularization on the objective function.

From a theoretical aspect, we show that the Rényi divergence from the true GP posterior

can be made arbitrarily small and derive convergence rates of our bound under a smooth

and non-smooth kernel (refer to Sec. 7). More importantly, we illustrate the superior

performance of our proposed objective over state-of-the-art GP approaches on a wide variety

of engineering applications and datasets.

1.1 Organization

We organize the paper as follows. In Sec. 2, we conduct a detailed literature review. In Sec.

3, we briefly review related background knowledge. We then provide the Rényi variational

objective for GPs in Sec. 4, and its underlying motivation in Sec. 5. The optimization

algorithm and predictive distribution are presented in Sec. 6. Theoretical properties of

our objective are investigated in Sec. 7. In Sec. 8 we provide numerical experiments over

a range of engineering applications to demonstrate the advantages of our method. Our

experiments include a traffic, battery, house electric, bike and turbofan engine dataset. We

conclude our paper in Sec. 9. We note that we defer most derivations to the appendix and

only highlight the main results.
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2 Related Work

Though it is by no means an exhaustive list, recent advances in model estimation for

Gaussian processes can be roughly split into five main trends (for further details see

the recent survey in Liu et al. [2018]). First, sampling methods such as Markov chain

Monte Carlo (MCMC) [Gramacy and Lian, 2012, Frigola et al., 2013, Hensman et al.,

2015] and Hamiltonian Monte Carlo [Havasi et al., 2018] have been extensively studied.

However, a sampling approximation is usually computationally intensive. Notably, a recent

comparison study [Lalchand and Rasmussen, 2019] shows that variational inference (VI)

can achieve remarkable performance compared to sampling approaches while the former

has better theoretical properties and can be fitted into many existing efficient optimization

frameworks. Second, expectation propagation (EP) [Deisenroth and Mohamed, 2012] is

an iterative local message passing method designed for approximate Bayesian inference.

Based on this approach, Bui et al. [2017] propose the power EP (PEP) framework to learn

GPs and demonstrate that PEP encapsulates a rich family of approximated GPs such

as FITC and DTC [Bui et al., 2017]. Though accurate and promising, the EP family,

in general, is not guaranteed to converge [Bishop, 2006]. Third, variational inference is

an approach to estimate probability densities through efficient optimization algorithms

[Hoffman et al., 2013, Hoang et al., 2015, Blei et al., 2017]. It approximates intractable

posterior distributions using a tractable distributional family Q. This approximation in

turn yields a lower bound that is optimized to learn model parameters. VI has caught the

most attention compared to the other approximate inference algorithms due to ease of use

and elegant theoretical properties. Fourth, there has been a recent push on utilizing GPU

acceleration and distributed computing to optimize the log-marginal likelihood in GPs.

Such approaches leverage Blackbox Matrix-Matrix multiplication, distributed Cholesky

factorization and kernel partitioning [Gardner et al., 2018a,b, Wang et al., 2019a]. Lastly,

some literature consider low rank or sparse approximation techniques [Gramacy and Haaland,

2016] and covariance tapering [Furrer et al., 2006, Kaufman et al., 2008]. Besides those

trends, some notable work also approximate Gaussian process using Vecchia’s approximation

method [Guinness, 2018] and stochastic partial differential equation approximation methods
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[Lindgren et al., 2011].

3 Notation and Brief Review

We start by introducing some notations and briefly review the Gaussian process. Assume we

have collected N training data points Y = [yi]Ni=1 with corresponding D-dimensional inputs

X = [xi]Ni=1, where yi ∈ R and xi ∈ RD. We decompose the output as yi = f(xi) + εi,

where f(·) is a GP and εi(·) denotes additive noise with zero mean and σ2
ε variance. The

GP places a prior over functions such that p(f |X) = φ(f |0,Kf ,f ) where f = [f1, ..., fN ] is

a vector of latent function values fi = f(xi) and Kf ,f := K(X,X) is a covariance matrix

whose entries are determined by a covariance function k(x,x′;θ) parameterized through θ.

Here we note that for notational simplicity we assume zero mean GP and hereon we neglect

conditioning on the input.

Often the end goal of a GP is to predict output f ∗ given new inputs X∗. To do so, the

predictive distribution is attained via p(f ∗|Y ) =
∫
p(f ∗|f)p(f |Y )df and is given as

f ∗|Y ∼ N
(
Kf∗,f [Kf ,f + σ2

εI]−1Y ,Kf∗,f∗ −Kf∗,f [Kf ,f + σ2
εI]−1Kf ,f∗

)
.

Here p(f ∗|f) is the conditional prior derived from the GP prior f ,f ∗ ∼

N
(

0,

 Kf ,f Kf ,f∗

Kf∗,f Kf∗,f∗

) and p(f |Y ) is the posterior of f .

Given the predictive distribution, it is clear that good parameter estimation of (σε,θ) is

imperative to GPs. Perhaps the most popular approach for parameter estimation is by di-

rectly maximizing the well-known marginal log-likelihood function p(Y ) =
∫
p(Y |f)p(f)df .

Given that Y |f ∼ N (f , σ2
εI) the log-marginal likelihood can be written as

Lmarginal := log p(Y ) = log φ(Y |0, σ2
ε I +Kf ,f ). (1)

However, under most well developed covariance functions, Lmarginal is highly non-linear

and non-convex. As a result, GPs are vulnerable to obtaining parameter estimates with

bad generalization power. For instance, it is not uncommon to have critical points in the

objective that interpret data as pure noise. The goal of this work is to provide an alternative
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objective that encourages parameter estimates with improved generalization power to new

data.

4 An Alternative GP Objective

Instead of maximizing the marginal likelihood we offer an alternative objective that features

a trade-off between model fit and prior regularization and allows fine-tuning this trade-off.

We start by introducing this alternative objective and then discuss its advantages and

motivation.

We follow the general philosophy of variational inference which turns inference into an

optimization problem, where an optimal density (q∗), relative to some distance measure,

is chosen from a distributional family (Q) to approximate a target distribution - here the

posterior of a GP. To do so, we augment our probability space by M continuous latent

variables U = [u(zi)]Mi=1 observed at inputs Z = [z1, · · · , zM ]T . We assume that U are

drawn from the same GP prior p(f). Z may be a subset of the input (X) or some free

parameters, often referred to as pseudo-inputs or inducing points [Snelson and Ghahramani,

2006], to be optimized over.

Notice that from the augmented joint model p(Y ,f ,U) we still reach the same

marginal likelihood in (1) through marginalization p(Y ) =
∫
p(Y ,f ,U)dfdU =∫

p(Y |f)p(f |U)p(U)dfdU where p(f |U) = φ(f |Kf ,UK
−1
U ,UU ,Kf ,f − Q) and Q =

Kf ,UK
−1
U ,UKU ,f). This hints to the fact that one may let p(U) be a distribution that

adds some level of flexibility to the model.

4.1 The α-ELBO

Exploiting this added flexibility we now take a variational route to approximate the joint

posterior over the latent variables p(f ,U |Y ). We use the Rényi’s α-divergence as a distance

measure. This in turn will lead to an our proposed objective.

The Rényi’s α-divergence, first proposed in [Rényi et al., 1961], is a distance measure
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between two probability density functions (p and q) of a continuous random variable.

Dα[q||p] = 1
α− 1 log

∫
q(w)αp(w)1−αdw, α ∈ [0, 1).

This divergence contains a rich family of distance measures such as KL-divergence, Bhat-

tacharyya coefficient and χ2-divergence. Also, Dα[q||p] is continuous and non-decreasing on

α ∈ [0, 1).

In the context of GPs, our goal is to find an optimal posterior density q? over the

latent variables f ,U belonging to some distributional family Q, by minimizing the Rényi

α-divergence between the variational density q(f ,U) and the target posterior p(f ,U |Y )

q∗(f ,U) := arg min
q(f ,U)∈Q

Dα[q(f ,U)||p(f ,U |Y )].

Through some algebraic manipulations (Appendix A.1), one can find that

Dα[q(f ,U)||p(f ,U |Y )] = log p(Y )− Lα(q) . (2)

Such that

Lα(q) := 1
1− α logEq(f ,U)

[(
p(f ,U ,Y )
q(f ,U)

)1−α]
. (3)

Following (3) and since Dα[q||p] ≥ 0, we have that Lα(q) ≤ Lmarginal is a lower bound

on the log-marginal likelihood and maximizing Lα(q) will equivalently minimize Dα[q||p].

In order to maximize, Lα(q), one first needs to find the optimal density. To this end, we

exploit a mean-field assumption q(f ,U) = p(f |U)q(U). This in turn poses q(U) as the

variational density to be optimized.

Under this mean-field assumption (See Appendix A.2),

Lα(q) = 1
1− α log

∫
pα(Y |U)q(U)αp(U )1−αdU

= 1
1− α logEq(U)pα(Y |U)q(U)α−1p(U)1−α ,

(4)

where pα(Y |U) =
∫
p(f |U)p(Y |f)1−αdf . We slightly abuse notation as pα(Y |U) is

not a probability density anymore. Our goal next goal is to find

q∗(U) := arg min
q(U)

Dα[p(f |U )q(U)||p(f ,U |Y )] = arg max
q(U)

Lα(q)
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Fortunately this can be optimally solved in closed form (See Appendix A.3)

q∗(U) ∝ pα(Y |U)1/(1−α)p(U) (5)

Now, plugging in q∗(U ) to (4), we reach our final result, Lα(q∗) that denotes the lower

bound under the optimal q and is given as (see Appendix A.4)

Lα(q∗) = log
∫
pα(Y |U)1/(1−α)p(U)dU =

log
{
N
(
0, σ2

ε I + (1− α)Kf ,f + αQ
)}

+ log
∣∣∣I + 1− α

σ2
ε

(Kf ,f −Q)
∣∣∣ −α

2(1−α) .
(6)

Through scrutinizing (6) we directly observe that the new lower bound unifies components

from the exact covariance (Kf ,f) and an approximate covariance (Q = Kf ,UK
−1
U ,UKU ,f),

also known as the Nyström approximation. Interestingly, when α = 0, the marginal log-

likelihood is recovered, L0 = Lmarginal = log p(Y ). While, for α → 1, we recover the

traditional VI bound obtained from maximizing a KL divergence distance measure. This

indeed is a direct consequence of the fact that limα→1 Dα[p||q] = KL[p||q] [Titsias and

Lawrence, 2010, Tran et al., 2015, Liu et al., 2018, Yue and Kontar, 2020a].

By maximizing (6) with respect to (σε,θ) and possibly Z one can obtain a set of

parameters that minimize the Rényi’s α-divergence with the true posterior. Hereon we refer

to our bound as the Rényi GP or the α-ELBO as it is an evidence lower bound (ELBO) on

the marginal log-likelihood.

5 Why use Lα

In this section we shed light on the advantages of our alternative bound from two related

perspectives: (1) trade-off between model fit and fidelity to the prior class; (2) fractional

posteriors which raise the likelihood to some power.

To understand why Lα(q∗) is a promising objective, we first define the lower bounds

below. Here LV I = limα→1 Lα(q) while LJensen is obtained from a direct Jensen’s inequality
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on Lα(q) (see appendix B).

Lα(q) = 1
1− α logEq(U)

[
pα(Y |U)q(U)α−1p(U)1−α

]
LJensen = 1

1− α

∫
q(U) log pα(Y |U)dU︸ ︷︷ ︸

Model fit

−KL[q(U)||p(U)]︸ ︷︷ ︸
Prior regularization

LV I = lim
α→1
Lα(q) = Eq(f ,U) [log p(Y |f)]−KL[q(U)||p(U)]

where Lmarginal ≥ Lα(q) ≥ LJensen ≥ LV I holds true for any α ∈ [0, 1). We focus on

Lα(q) as Lα(q∗) is a by-product from optimizing Lα(q). Note that KL[q(U)||p(U)] =

KL[q(U ,f)||p(U ,f)] since q(f ,U) = p(f |U)q(U). Also, p(Y |f) = p(Y |f ,U).

One can directly observe that the bounds mirror the trade-off between the likelihood

and prior. For instance, in LJensen, the first term denotes the model fit and encourages

the density of the latent variables to place probability mass on configurations that best

explain the observed data; this often induces a rugged objective with many local critical

points each with a specific interpretation of the data. Whereas the KL term is a regularizer

that encourages latent variables close to the prior class. Intrinsically this regularization

restricts the complexity of the estimated posterior density and hence offers a trade-off

between the fit and complexity of the latent variable estimators. A good trade-off is critical

for generalization to new data [Schölkopf et al., 2002]. Here α plays the role of tuning

this enforced regularization and is data dependent. This in turn allows data to speak for

themselves. Note that in a GP, the prior is imposed via the kernel. Ultimately, prior

regularization is encouraging kernel hyper-parameters that satisfy both the prior class while

at the meantime suiting the observed data.

Indeed, GP literature has shown that inference via Lmarginal can be advantageous on

some datasets and VI on others [Lalchand and Rasmussen, 2019, Wang et al., 2019a, Chen

et al., 2020, Wang et al., 2019a]. For instance, Rainforth et al. [2018] question the implicit

assumptions that a tighter bound on the marginal likelihood are better objectives and show

that tighter bounds can be detrimental to the process of learning. This literature also sheds

light on the benefits of Lα(q) and the need to tune prior regularization much like tuning

the regularization parameter in ridge regression or LASSO.

Another insight on the advantages of Lα(q) is through fractional posteriors (often referred

9



to as tempered or inexact posteriors) where a likelihood is raised to a some fractional power.

Indeed, fractional posteriors have gained renewed interest in recent years within Bayesian

statistics due to their empirical success in improving generalization and their robustness to

model mis-specifications [Bhattacharya et al., 2019, Miller and Dunson, 2018, Grünwald,

2012]. For instance, Miller and Dunson [2018] show that raising likelihood to a well-chosen

power induces robustness to a mismatch between the model used and the true generating

data process. Specifically, under specific regularity conditions, they show that fractional

likelihoods are asymptotically equivalent to conditioning on having the empirical distribution

of the observed data close to the empirical distribution of data sampled from the model,

with respect to a relative entropy distance.

In our context, using (5), our posterior over the latent variables is given as

q∗(f ,U) = p(f |U)q∗(U) ∝ p(f ,U)
[ ∫

p(f |U)p(Y |f)1−αdf
] 1

1−α
.

Notice that the data likelihood p(Y |f) is raised to the power of 1 − α. As α → 1,

the likelihood p(Y |f) will be flattened and its impact reduced. Therefore, as α→ 1, the

induced regularization will prefer q to be more spread out across configurations of the hidden

variables and not only concentrated around ones that best explain the observed data. This

decreased dependence on the likelihood also leads to a smoother loss surface where sharp

critical points (often anomalies in the data) are smoothened out. In the meantime, excessive

smoothing can obscure meaningful solutions. Hence the role of α in achieving this balance.

As a side note, in our simulations and case studies we find two interesting observations.

(1) α ≈ 0.5 often leads to best results (2) the optimal α yields significantly flatter solutions.

Flatness has been linked to improves generalization to unobserved data [Chaudhari et al.,

2019].

6 Computation & Prediction

6.1 Computation

The recent work of Chen et al. [2020] theoretically shows that mini-batch stochastic gradient

descent (SGD) can be used for optimizing GPs. This result in turn allows scaling GPs to
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very large data size regimes. For instance, in their work, a GP with one million data points

can be trained within half an hour on a standard laptop. In the experimental section, we

use SGD to estimate all parameters. One drawback of Chen et al. [2020] is that in the

prediction phase, using SGD implies only using a batch of the data to perform predictions.

This is sub-optimal, specifically since prediction is a one-shot problem unlike the iterative

procedure of learning parameters. To overcome this difficulty, we modify and employ

the recently proposed algorithm - Blackbox Matrix-Matrix multiplication [Gardner et al.,

2018a,b, Wang et al., 2019a]. The BBMM is an efficient approach to optimize Lmarginal.

This algorithm offers a fast way to calculate the predictive distribution using conjugate

gradients (CG), pivoted Cholesky decomposition and parallel computing. Though BBMM

is less efficient than SGD, we only require predictions once after parameter estimates are

obtained. Therefore, BBMM is a viable method at the prediction stage. Indeed, in our

experiments, BBMM acquires predictions within seconds. We defer the detailed BBMM

algorithm into Appendix C. An R code is attached in the supplementary file.

6.2 Prediction

Assume that p(y|U) = N (Kf ,UK
−1
U ,UU , σ

2
εI + (1− α)(Kf ,f −Q))

After estimating all parameters through maximizing Lα(q∗), we can predict predict the

output at a new input point x∗. The predictive distribution is given by

p(y?|X,x∗,Y ) =
∫
p(y∗|f ∗)p(f ∗|X,x∗,Y )df ∗

=
∫
p(y∗|f ∗)p(f ∗|X,U ,x∗,Y )p(U |X,x∗,Y )dUdf ∗

=
∫
p(y∗|X,U ,x∗,Y )p(U |X,x∗,Y )dU .

Therefore, we obtain (see Appendix E)

p(y∗|X,x∗,Y ) = N (AΞ−1Y ,Kf∗,f∗ + σ2
εI −AΞ−1AT ), (7)

where Ξ := σ2
ε I + (1 − α)Kf ,f + αQ, A = Kf∗,UK

−1
U ,UKU ,f∗ and Kf∗,f∗ denotes the

covariance matrix evaluated at x∗. Consequently, the predicted trajectories have mean

AΞ−1Y and variance Kf∗,f∗ + σ2
ε I −AΞ−1AT .
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7 Theoretical Properties

In this section, we study the rate of convergence of our algorithm.

7.1 A Data-dependent Upper Bound

In order to derive convergence rates, we first need to obtain a data-dependent upper bound

on the marginal likelihood. Titsias [2014] provides a bound based on the KL divergence.

We can generalize this bound into (details in Appendix D.1)

Lupper ≥ Lmarginal = log 1
|2πΞ| 12

− 1
2Y

T
(
Ξ + αTr(Kf ,f −Q)I

)−1
Y . (8)

7.2 Rate of Convergence

Given the upper bound, we provide the rate of convergence of the proposed α-ELBO

(Appendix D.2).

Theorem 1. Suppose N data points are drawn independently from input distribution

p(x) and k(x,x) ≤ v0, ∀x ∈ X . Sample M inducing points from the training data with the

probability assigned to any set of size M equal to the probability assigned to the corresponding

subset by an ε k-Determinantal Point Process (k-DPP) [Belabbas and Wolfe, 2009] with

k = M . With probability at least 1− δ,

Dα[q||p] ≤ α

2δ(1− α) log
[
1 + 1− α

σ2
ε

[(M + 1)C + 2Nv0ε]
N

]N
+ α

(M + 1)C + 2Nv0ε

2δσ2
ε

‖Y ‖2

σ2
ε

.

Furthermore, if Y is distributed according to a sample from the prior generative model, then

with probability at least 1− δ,

Dα[p||q] ≤ α
(M + 1)C + 2Nv0ε

2δσ2
ε

+ 1
δ

α

2(1− α) log
[
1 + 1− α

σ2
ε

[(M + 1)C + 2Nv0ε]
N

]N
.

where C = N
∑∞
m=M+1 λm and λm are the eigenvalues of the integral operator K associated

to kernel and p(x).

Theorem 1 implies that Dα[p||q] can be made arbitrarily small with high probability.

The rate of convergence can be controlled by sample size, number of inducing variables,

decay rate of eigenvalues and tuning parameter α. See Sec. 7.3 for more details.
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7.3 Consequences

Based on Theorem 1, we can derive the convergence rate for both smooth (e.g., the square

exponential kernel) and non-smooth (e.g., Matérn) kernels.

7.3.1 Smooth Kernel

We will provide a convergence result with the square exponential (SE) kernel. The m-th

eigenvalue of kernel operator is λm = v
√

2a/ABm−1, where a = 1/(4σ2
ε ), b = 1/(2`2),

c =
√
a2 + 2ab, A = a+ b+ c and B = b/A. ` is the length parameter, v is signal variance

and σε is the noise parameter. We can obtain ∑∞m=M+1 λm = v
√

2a
(1−B)

√
A
BM .

Corollary 2. Suppose ‖Y ‖2 ≤ RN , where R is a constant. Fix γ > 0 and take ε = δσ2
ε

vNγ+2 .

Assume the input data is normally distributed and regression in performed with a SE kernel.

With probability 1− δ,

Dα[p||q] ≤ 2α R
σ2
ε

1
Nγ

+ 1
δ

α

2(1− α) log
[
1 + (1− α)

( 4δ
Nγ+2

)]N
,

when inference is performed with M = (3+γ) logN+log η
log(B−1) , where η = v

√
2a

a
√
Aσ2

ε δ(1−B) .

This corollary is proved in Appendix D.3. It has two implications. First, it implies

that the number of inducing points should be of order O(logN) (i.e., sparse). In a

high dimensional input space, following a similar proof, we can show that this order

becomes O(logDN). Second, the tuning parameter α plays an important role in controlling

convergence rates.

7.3.2 Non-smooth Kernel

For the Matérn r + 1
2 , λm �

1
m2r+2 kernel, where � means “asymptotically equivalent to”,

we can obtain ∑∞m=M+1 λm = O( 1
M2r+1 ). Let ∑∞m=M+1 λm ≤ A 1

M2r+1 . Then by Theorem 1,

we have (Appendix D.4)

α
(M + 1)N ∑∞

m=M+1 λm + 2Nv0ε

2δσ2
ε

‖Y ‖2

σ2
ε

≤ αR

2δσ4
ε

((M + 1)N2A

M2r+1 + 2N2v0ε
)
.

13



Let M = N t (t will be clarified shortly) and 2rt− 2 ≥ γ, then t ≥ γ+2
2r . Therefore, we have

(Appendix D.4)

αR

2σ4
ε

((M + 1)N2A

M2r+1 + 2N2v0ε
)
≤ αR

Nγσ2
ε

+ αRA

2δσ4
εN

γ
.

Another term in the bound can also be simplified as

α

2(1− α) log
[
1 + 1− α

σ2
ε

[(M + 1)C + 2Nv0ε]
N

]N
≤ αN

2(1− α) log
[
1 + (1− α)

( A+ 2δ
σ2
εN

γ+2

)]
.

It can be seen that we require more inducing points (O(N t)) when we are using non-smooth

kernels and t decreases as we increase the smoothness (i.e., r) of the Matérn kernel.

8 Experiments

We benchmark our model with recent state-of-the-art methods: (1) the exact inference

procedure for GPs (EGP) [Wang et al., 2019a, Chen et al., 2020]. This method directly

optimizes the exact likelihood function Lmarginal. We use SGD to estimate parameters and

use BBMM to obtain predictions; (2) the stochastic variational GP (SGP) [Hoffman et al.,

2013, Hensman et al., 2013]. This method performs stochastic VI to the exact GP and

optimizes the derived variational lower bound; (3) the power expectation propagation (PEP)

[Bui et al., 2017] with optimal α values.

8.1 A Toy Example

We first investigate the performance of our method on well known simulated functions with

1,000 data points in various dimensions. Data is from the Virtual Library of Simulation

Experiments (http://www.sfu.ca/~ssurjano/index.html). The testing functions are

Gramacy & Lee function (D = 1), Branin-Hoo function (D = 2) and Griewank-D function

(D ≥ 2). For each dataset, we randomly split 60% data as training sets and 40% as testing

sets. We set the number of inducing points to be 50. Throughout the experiment, we use

the Matérn kernel. For each function, we run our model 30 times with different α ∈ [0.2, 0.8]

and initial parameters. The performance of each model is measured by Root Mean Square

Error (RMSE).
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Figure 1: Boxplots of RMSE on toy functions.

We report results from Gramacy & Lee function, Branin-Hoo function and Griewank-4

function in Figure 1. The results clearly indicate that our model, in general, has the smallest

RMSE among all benchmark models. When α ≈ 0.5, we achieve the smallest RMSE.

Here, we note that EGP outperforms the SGP in some cases while the opposite happens

sometimes. This observation aligns with the conclusion made by Wang et al. [2019a]: SGP

is not necessarily better than EGP and vice versa. Overall, it can be seen that regularization

parameter tuning is necessary in the context of GPs. Interestingly, when α is around 0.2,

the RMSE is compromised. This evidences the danger of ambitiously tightening the the

lower bound (as α = 0 recovers Lmarginal) and the need to tune this tightness.

8.2 Real Data

We benchmark the Rényi GP on a range of datasets that include the (1) Bike, (2) Traffic

(3) PM2.5 and (4) House electric datasets form the UCI data repository [Asuncion and

Newman, 2007] (https://archive.ics.uci.edu/ml/datasets.php). (5) Battery data

from the General Motors Onstar System and (6) C-MAPSS aircraft turbofan engines

dataset provided by the National Aeronautics and Space Administration (NASA) (https:

//ti.arc.nasa.gov/tech/dash/groups/pcoe/).
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Table 1: RMSE of all models on different datasets. The RMSE is calculated over 30

replications with different initial points. For the Rényi GP, we also report the optimal α

value. The NLL values are reported in Appendix F.
Dataset N EGP SGP PEP (optimal α) Rényi Optimal α

Bike 17,389 13.41± 1.23 16.93± 3.33 13.76± 2.35 10.99± 1.33 0.50

C-MAPSS 33,727 16.11± 1.15 17.45± 1.66 15.09± 2.01 12.87± 0.41 0.45

PM2.5 43,824 11.74± 0.81 15.85± 1.03 10.83± 0.94 8.02± 0.55 0.55

Traffic 48,204 15.42± 1.42 17.47± 1.42 15.17± 1.05 12.85± 1.40 0.50

Battery 104,046 20.16± 1.06 29.96± 1.09 21.33± 2.04 9.90± 1.10 0.50

House Electric 1,311,539 26.35± 1.22 24.27± 1.25 18.35± 1.15 17.01± 0.91 0.50

Table 2: RMSE of Rényi GP with different M and α values. The batch size is 1152.
House Electric α = 0.2 α = 0.4 α = 0.5 α = 0.6 α = 0.8 PEP (optimal α)

M = 128 21.87± 1.69 18.88± 0.91 17.69± 0.99 18.92± 0.93 20.12± 1.00 19.45± 1.78

M = 256 20.00± 1.23 18.33± 0.77 17.01± 0.94 18.41± 0.95 19.97± 1.03 19.27± 1.62

M = 512 20.12± 1.07 18.26± 0.82 18.00± 0.99 16.56± 0.69 19.99± 1.05 17.29± 0.86

M = 1152 21.05± 0.91 16.33± 0.85 17.14± 1.01 17.03± 1.02 19.77± 0.97 16.99± 0.65

Table 3: Sharpness of final solutions and RMSE
M = 256 α = 0.2 α = 0.4 α = 0.5 α = 0.6 α = 0.8 EGP SGP PEP (optimal α)

Sharpness 2.25 ± 0.12 0.53 ± 0.07 0.11 ± 0.04 0.42 ± 0.09 2.01 ± 0.10 2.57 ± 0.11 2.13 ± 0.08 0.58 ± 0.08

RMSE 20.77 ± 1.01 18.26 ± 1.00 17.35 ± 0.94 18.31 ± 0.88 20.05 ± 1.21 21.16 ± 1.01 20.31 ± 0.81 17.98 ± 0.41

Table 4: Running Time Comparison (minutes)

Dataset N EGP SGP PEP Rényi

House Electric (with learning inducing points) 1,311,539 66.2± 0.7 1269.3± 9.3 123.1± 8.2 129.6± 8.5

House Electric (without learning inducing points) 1,311,539 66.2± 0.7 64.2± 1.3 67.3± 1.1 69.6± 0.8

The size of these datasets ranges from 17,389 to 1,311,539 data points. For each dataset,

we randomly split 60% data as training sets and 40% as testing sets and replicate the

experiment 30 times. All data are standardized to have mean 0 and variance 1. We study the

effect of α on the prediction performance. For each dataset, we optimize our α-ELBO with

different α ∈ {0.1, 0.35, . . . , 0.65, 0.9} and select the optimal α with the smallest RMSE.

Inference: For α-ELBO, SGP and PEP, we use SGD with batch size 1024 andM = 1024

to optimize all hyperparameters (this is the recommended setting for M in Wang et al.

[2019a], Bui et al. [2017]). For EGP, we use batch size 64 with learning rate 0.01. The
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number of epoch is set to be 100. Prediction: For mBCG algorithm, we use a diagonal-

scaling-preconditioning-matrix to stabilize the algorithm and boost convergence speed

[Takapoui and Javadi, 2016]. In mBCG, the maximum number of iterations is set to be

10N .

8.3 Results and Discussion

20

18

16

14

12

0 0.2 0.4 0.6 0.8 1.0

Figure 2: RMSE vs. α using Bike Dataset

Experimental results are reported in Table 1. The performance of each model is measured

by RMSE. The RMSE is calculated over 20 experiments with different initial points. We

also report the negative log-likelihood (NLL) in Appendix F. Based on Figure 1 and Table 1,

we can obtain some important insights. First, the results indicate that Rényi GP achieves

the smallest RMSE among all benchmarks on all datasets ranging from small data regimes

(N ≈ 17, 000) to large data regimes (N ≈ 1, 300, 000). Second, by empirical observations,

we do find that experiments with α near 0.5 have superior performance. Intuitively, a

smaller α is on par with purely maximizing the likelihood and hence might overfit to the

data at hand. On the other hand, a larger α might enforce excessive prior regularization

and obscures meaningful critical points in the marginal likelihood function. A moderate

α (close to 0.5) balances this dilemma and provides better results. This argument can be

further supported by Figure 1. We uniformly sample 20 values of α ranging from 0.05 to
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0.95, and plot the mean RMSE with respect to the corresponding α for the Bike dataset.

The plot demonstrates that intermediate α values are often best. Third, EGP seems to

outperform SGP on some data sets while the opposite happens on others; both while being

inferior to PEP and α-ELBO. This confirms that neither marginal or sparse/variational

inference is always superior over the other as the extent of regularization needed is data

dependent. We also observe that PEP sometimes does not converge as seen in Tables 1 and

2 where standard deviations for RMSE of PEP is sometimes large. This is not surprising as

PEP is a heuristic that currently lacks theoretical backing. Furthermore, the advantages

of our model become increasingly significant when the sample size increases. This reveals

that controlling smoothness and the tightness of the ELBO is necessary and promising

when we have big and high dimensional data. Lastly, we report the running time of all

models in Table 4. As shown in the Table, the training time for α-ELBO is comparable to

PEP on the House Electric dataset with 1.3 million data points (note that all methods are

trained with 100 epochs). They are slower than EGP since EGP does not need to learn the

distribution of inducing points. When we uniformly distribute inducing points and do not

optimize them, the running times are similar to EGP. Notably, since PEP and α-ELBO are

significantly faster than SGP, even when we tune α 10 times, the running times are still

comparable.

8.4 Different Choice of α and M

We conduct a sensitivity analysis with different α,M on the large scale House Electric

dataset from the UCI repository. By employing SGD, the α-ELBO can be trained efficiently

using one RTX-2080 GPU. Table 2 reports the RMSE of all models. We use Matérn 3/2

kernel (we also observed that the square exponential kernel delivered similar performance).

The results confirm the benefits of the α-ELBO regardless of M . We also observe the

previous results where a moderate range of α ∈ [0.4, 0.6] can deliver promising results.
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8.5 Flatness

We perform a simple experiment on the House Electric dataset. Using the flatness measure

in Keskar et al. [2016], we obtain the flatness of solutions obtained under different α’s.

Results are reported in Table 3 (more results can be found in Appendix F). We find a very

interesting phenomena: the optimal α yields significantly flatter solutions. Indeed, flatness

has been recently linked with improved generalization [Chaudhari et al., 2019]. This increase

in flatness of solutions allows for robust solutions that safeguard against overfitting and

improve generalization.

9 Conclusion

We introduce an alternative objective for obtaining parameter estimates in GPs, based on the

Rényi α-divergence. This bound offers a structured and tunable balance between model-fit

and prior regularization and therefore is capable of controlling the enforced regularization on

the objective function. Through many numerical studies, we demonstrate that our proposed

objective improves the prediction performance of a GP over several state of the art inference

techniques.

We hope our work spurs interest in the merits of the Rényi based inference in GPs

and the notion of controlling regularization via tuning the tightness of the bound on the

marginal likelihood. Further, deriving generalization bounds based on the α-ELBO can be

an interesting future direction and may help explain the phenomena of obtaining flatter

solutions. Along this direction, devising optimization algorithms that specifically target

critical points in flat neighborhoods in GPs may also pose strong potential in further pushing

the generalization capabilities of GPs.
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Appendix:

An Alternative Gaussian Process Objective Based on the Rényi

Divergence

Introduction

This appendix contains all technical details in our main paper and some additional empirical results.

A The Variational Rényi Lower Bound

A.1 The Rényi Divergence

The Rényi’s α-divergence between p and q is defined as [Rényi et al., 1961]

Dα[p||q] = 1
α− 1 log

∫
p(w)αq(w)1−αdw, α ∈ [0, 1),

where w is the parameter for p, q. Let q := q(f ,U) and p := p(f ,U ,Y ). In the context of GPs, we

have

Dα[q(f ,U)||p(f ,U |Y )]

= 1
α− 1 log

∫
q(f ,U)αp(f ,U |Y )1−αdUdf

= 1
1− α logP (Y )1−α − 1

1− α log
∫
q(f ,U)α (p(f ,U |Y )p(Y ))1−α dUdf

= log p(Y )− 1
1− α log

∫
q(f ,U)(p(f ,U |Y )p(Y ))1−α

q(f ,U)1−α dUdf

= log p(Y )− 1
1− α logEq

[(
p(f ,U ,Y )
q(f ,U)

)1−α]
.
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Therefore, the Rényi variational lower bound can be derived as

Lα(q;Y ) = 1
1− α logEq

[(
p(f ,U ,Y )
q(f ,U)

)1−α]
. (1)

A.2 Mean-field Assumption

When we apply the Rényi divergence to GP and assume that q(f ,U) = p(f |U)q(U) (mean-field

assumption), we can further obtain

Lα(q;Y ) := 1
1− α logEq

[(
p(f ,U ,Y )
q(f ,U)

)1−α]
= 1

1− α logEq
[(
p(Y |f)����p(f |U)p(U)

����p(f |U)q(U)

)1−α]
= 1

1− α log
∫
p(f |U)q(U)

(
p(Y |f)p(U)

q(U)

)1−α
dUdf

= 1
1− α log

∫
p(f |U)q(U)α

(
p(Y |f)p(U)

)1−α
dUdf

= 1
1− α log

∫ ∫
p(f |U)p(Y |f)1−αdfq(U)αp(U)1−αdU .

For simplicity, we drop the notation Y in the Lα(q;Y ). It can be easily shown that p(f |U) =

φ(Kf ,UK
−1
U ,UU ,Kf ,f −Q), where Q = Kf ,UK

−1
U ,UKU ,f . Besides, we have p(Y |f) = φ(f , σ2

ε I).

Therefore,

∫
p(f |U)p(Y |f)1−αdf

=
∫
p(f |U)(|2πσ2

ε I|−0.5e−
1
2 (Y −f)T (σ2

ε I)−1(Y −f))1−αdf

= |2πσ2
ε I|−0.5(1−α)

|2πσ2
ε I/(1− α)|−0.5

∫
p(f |U)φ(f , σ

2
ε I

1− α)df

= |2πσ2
ε I|−0.5(1−α)

|2πσ2
ε I/(1− α)|−0.5φ(Kf ,UK

−1
U ,UU ,

σ2
ε

1− αI +Kf ,f −Q)

= (2πσ2
ε )

αN
2 ( 1

1− α)
N
2 φ(Kf ,UK

−1
U ,UU ,

σ2
ε

1− αI +Kf ,f −Q)

= pα(Y |U).
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A.3 Find the Optimal Member, q, of the Family of Approximate Densities Q

Instead of treating q(U) as a pool of free parameters, it is desirable to find the optimal q∗(U) to

maximize the lower bound. To proceed, we have,

Lα(q) = 1
1− α log

∫
pα(Y |U)q(U)αp(U)1−αdU

= 1
1− α log

∫
q(U)(pα(Y |U)1/(1−α)p(U)

q(U) )1−αdU

= 1
1− α logEq(

pα(Y |U)1/(1−α)p(U)
q(U) )1−α

By taking derivative of Lα(q) with respect to q(U) and set it to 0, we can obtain the optimal

expression of q(U):

q∗(U) ∝ pα(Y |U)1/(1−α)p(U).

Specifically,

q∗(U) = pα(Y |U)1/(1−α)p(U)∫
pα(Y |U)1/(1−α)p(U)dU

.

Therefore, we can obtain

L∗α(q;Y ) = 1
1− α log[Eq(

pα(Y |U)1/(1−α)p(U)
q(U) )]1−α

= logEq(
pα(Y |U)1/(1−α)p(U)

q(U) )

= log
∫
pα(Y |U)1/(1−α)p(U)dU .

where L∗α(q;Y ) is Lα(q) with q∗(U).

A.4 Finding the closed form

So far, we have shown that

L∗α(q;Y ) = log
∫
pα(Y |U)1/(1−α)p(U)dU .

Our final goal is to simplify this integration and obtain our proposed lower bound.
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It can be shown that

pα(Y |U)
1

1−α = [(2πσ2
ε )

αN
2 ( 1

1− α)
N
2 ]

1
1−αφ(Kf ,UK

−1
U ,UU ,

σ2
ε

1− αI +Kf ,f −Q)
1

1−α

= [(2πσ2
ε )

αN
2(1−α) ( 1

1− α)
N

2(1−α) ]Cφ(Kf ,UK
−1
U ,UU , σ

2
ε I + (1− α)[Kf ,f −Q]),

where C = |2π( σ2
ε

1−α I+Kf ,f−Q)|−0.5/(1−α)

|2π(σ2
ε I+(1−α)[Kf ,f−Q])|−0.5 = |2π( σ2

ε
1−αI + Kf ,f − Q)|

−α
2(1−α) (1 − α)N/2. Since p(U) =

φ(0,KU ,U ), we have

Lα(q) = log
∫
pα(Y |U)1/(1−α)p(U)dU

= logCxφ(0, σ2
ε I + (1− α)[Kf ,f −Q] +Kf ,UK

−1
U ,UKU ,f )

= logCxφ(0, σ2
ε I + (1− α)[Kf ,f −Q] +Q)

= log φ(0, σ2
ε I + (1− α)[Kf ,f ] + αQ) + logCx,

where

Cx = [(2πσ2
ε )

αN
2(1−α) ( 1

1− α)
N

2(1−α) ][|2π( σ2
ε

1− αI +Kf ,f −Q)|
−α

2(1−α) (1− α)N/2]

= (2πσ2
ε )

αN
2(1−α) (1− α)

−αN
2(1−α) |2π( σ2

ε

1− αI +Kf ,f −Q)|
−α

2(1−α)

= |I + 1− α
σ2
ε

(Kf ,f −Q)|
−α

2(1−α)

≈
{

1 + 1− α
σ2
ε

Tr(Kf ,f −Q) +O((1− α)2

σ4
ε

)
} −α

2(1−α)
.

The last equality comes from the variation of Jacobi’s formula. The ≈ approximates well only

when 1−α
σ2
ε

is “small”. It can be seen that, when α is close to 1, our objective function contains

the regularization term 1−α
σ2
ε

Tr(Kf ,f −Q), which is similar to the regularization term in LV I . The

tuning parameter α controls how close Q is to Kf ,f and hence it encourages densities q that

place their mass on configurations of the latent variables that explain the observed data. This

is also true for any α ∈ [0, 1) yet the regularization effect is conveyed through the determinant

|I + 1−α
σ2
ε

(Kf ,f −Q)|
−α

2(1−α) .
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B Other Bounds

In this section, we provide details on obtaining Ljensen and LV I .

Lα(q) := 1
1− α logEq

[(
p(f ,U ,Y |Z)
q(f ,U |Z)

)1−α]
= 1

1− α log
∫ (∫

p(Y |f)1−αp(f |U ,Z)df
)
q(U)α−1p(U |Z)1−αq(U)dU

= 1
1− α logEq(U)

[(∫
p(Y |f)1−αp(f |U ,Z)df

)
q(U)α−1p(U |Z)1−α

]
︸ ︷︷ ︸

Rényi variational lower bound

(2)

≥ 1
1− α

{
E log

[(∫
p(Y |f)1−αp(f |U ,Z)df

)
q(U)α−1p(U |Z)1−α

]}
= 1

1− α

{∫
q(U) log

[(∫
p(Y |f)1−αp(f |U ,Z)df

)
q(U)α−1p(U |Z)1−α

]
dU

}
= 1

1− α

{∫
q(U) log

[
q(U)α−1p(U |Z)1−α

]
+ q(U) log

(∫
p(Y |f)1−αp(f |U ,Z)df

)
dU

}
= −KL[q(U)||p(U |Z)] + 1

1− α

{∫
q(U) log

(∫
p(Y |f)1−αp(f |U ,Z)df

)
dU

}
(3)

≥ −KL[q(U)||p(U |Z)] + 1
1− α

{∫
q(U)

∫
p(f |U ,Z) log

(
p(Y |f)1−α)

)
dfdU

}
= −KL[q(U)||p(U |Z)] + 1

1− α

{∫
q(U)

∫
p(f |U ,Z) log

(
p(Y |f)1−α)

)
dfdU

}
= −KL[q(U)||p(U |Z)] + Eq(f ,U) [log p(Y |f)] = LV I . (4)

Here,

Lα(q) = 1
1− α logEq(U)

[(∫
p(Y |f)1−αp(f |U ,Z)df

)
q(U)α−1p(U |Z)1−α

]
,

LJensen = −KL[q(U)||p(U |Z)] + 1
1− α

{∫
q(U) log

(∫
p(Y |f)1−αp(f |U ,Z)df

)
dU

}
,

LV I = −KL[q(U)||p(U |Z)] + Eq(f ,U) [log p(Y |f)] .

It can be seen that Lα(q) ≥ LJensen ≥ LV I . Therefore, LJensen is decreasing as α→ 1. This implies
1

1−α

{∫
q(U) log

(∫
p(Y |f)1−αp(f |U ,Z)df

)
dU

}
is decreasing as α → 1. Alternatively, one can

take a derivative with respect to α and conclude that the aforementioned function is decreasing.
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C Computation

We elaborate the modified BBMM approach here. By scrutinizing our objective function, defined

below,

Lα(q∗) = log
∫
pα(Y |U)1/(1−α)p(U)dU =

log
{
N
(
0, σ2

ε I + (1− α)Kf ,f + αQ
)}

+ log
∣∣I + 1− α

σ2
ε

(Kf ,f −Q)
∣∣ −α

2(1−α) .

(5)

we can see that the computational complexity is dominated by the first term, which has the same

complexity as the exact GP, and the determinant term. The detailed computing procedure is

provided as follows. We rewrite the function above as

Lα(q∗) = log |2πΞ|−
1
2 − 1

2Y
TΞ−1Y + logCx (6)

where matrices Ξ := σ2
ε I + (1− α)Kf ,f + αQ and Cx =

∣∣I + 1−α
σ2
ε

(Kf ,f −Q)
∣∣ −α

2(1−α) .

In Eq. (6), two expensive terms log |Ξ| and Ξ−1Y can be efficiently estimated by the Batched

Conjugate Gradients Algorithm (mBCG) [Gardner et al., 2018] with some modifications. The

remaining work is to estimate the determinant term. First, we can write it as

logCx = log |I + 1− α
σ2
ε

(Kf ,f −Q)|
−α

2(1−α) = log | Ξ
σ2
ε

+ 1− 2α
σ2
ε

Q|
−α

2(1−α) .

By the matrix determinant lemma, we have

log| Ξ
σ2
ε

+ 1− 2α
σ2
ε

Q| = log | 1
σ2
ε

||Ξ + (1− 2α)Q| = log | 1
σ2
ε

||Ξ + (1− 2α)Kf ,UK
−1
U ,UKU ,f |

= log | 1
σ2
ε

|| 1
(1− 2α)KU ,U +KU ,fΞ−1Kf ,U |+ log |(1− 2α)K−1

U ,U |+ log |Ξ|.

In this equation, log |Ξ| is already available as aforementioned. Therefore, only Ξ−1Kf ,U is expensive

to compute. Similarly, we resort to the CG algorithm to overcome this difficulty. Overall, the

resulting matrix is of dimension M ×M (note that M � N) and is cheap to compute.
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On Computing Inverse

Ξ−1Y can be calculated by the conjugate gradient (CG) algorithm. Specifically, we solve the

following quadratic optimization problem

Ξ−1Y = arg min
u

(1
2u

TΞu− uTY
)
.

Furthermore, CG can be extended to return a matrix output. Let Θ = [Y Kf ,U ], then we can

compute both Ξ−1Y and Ξ−1Kf ,U by solving

Ξ−1Θ = arg min
U

(1
2U

TΘU −UTΘ
)
.

On Computing Determinant

log |Ξ| can be computed in two ways. First, we can use pivoted Cholesky decomposition. Second,

we can use Lanczos algorithm. When running Lanczos algorithm, we only need to return the

Tridiagonal matrix T and we have log |Ξ| = Tr(log T ).

On Computing Gradient

Let Z = [z1, . . . ,zt] be a set of vectors where zi is drawn from N (0, I). Then we can use mBCG to

compute Ξ−1Z and calculate gradient as

Tr
(
Ξ−1 dΞ

dw

)
≈ 1
t

t∑
i=1

(zTi Ξ−1)
(
dΞ
dw
zi

)
.

where w = (σε,θ) is our model parameters. Please refer to Gardner et al. [2018] for the detailed

implementation.

D Convergence Results

D.1 An Upper Bound

Lemma 1. Suppose we have two positive semi-definite (PSD) matrices A and B such that A−B

is also a PSD matrix, then |A| ≥ |B|. Furthermore, if A and B are positive definite (PD), then

7



B−1 ≥ A−1.

The proof of this Lemma can be found in any matrix theory textbook. Based on this lemma, we

can compute a data-dependent upper bound on the log-marginal likelihood [Titsias, 2014].

Claim 1. log p(Y ) ≤ log 1
|2π((1−α)Kf ,f +αQ+σ2

ε I)|
1
2
e−

1
2Y

T ((1−α)Kf ,f +αQ+αTr(Kf ,f−Q)I+σ2
ε I)−1Y := Lupper.

Proof. Since

Kf ,f + σ2
ε I = (1− α)Kf ,f + αKf ,f + σ2

ε I � (1− α)Kf ,f + αQ+ σ2
ε I � 0,

where A � B means xTAx ≥ xTBx ≥ 0, ∀x. Then, we can obtain |Kf ,f + σ2
ε I| ≥ |(1− α)Kf ,f +

αQ+ σ2
ε I| since they are both PSD matrix. Therefore,

1
|2π(Kf ,f + σ2

ε I)|
1
2
≤ 1
|2π((1− α)Kf ,f + αQ+ σ2

ε I)|
1
2
.

Let UΛUT be the eigen-decomposition of Kf ,f −Q. This decomposition exists since the matrix is

PD. Then

Y TUΛUTY = zTΛz =
N∑
i=1

λiz
2
i ≤ λmax

N∑
i=1

z2
i = λmax ‖z‖2

= λmax ‖Y ‖2 ≤
N∑
i=1

λi ‖Y ‖2 ≤ Tr(Kf ,f −Q) ‖Y ‖2 ,

where z = UTY , {λi}Ni=1 are eigenvalues of Kf ,f −Q and λmax = max(λ1, . . . , λN ). Therefore,

we have Y T (Kf ,f −Q)Y ≤ Tr(Kf ,f −Q) ‖Y ‖2 = Tr(Kf ,f −Q)Y TY . Apparently, αY T (Kf ,f −

Q)Y ≤ αTr(Kf ,f −Q)Y TY . Therefore, we can obtain

Y T (Kf ,f + σ2
ε I)Y ≤ Y T ((1− α)Kf ,f + αQ+ σ2

ε I)Y + αTr(Kf ,f −Q)Y TY

= Y T ((1− α)Kf ,f + αQ+ αTr(Kf ,f −Q)I + σ2
ε I)Y .

Based on this inequality, it is easy to show that

e−
1
2Y

T (Kf ,f +σ2
ε I)−1Y ≤ e−

1
2Y

T ((1−α)Kf ,f +αQ+αTr(Kf ,f−Q)I+σ2
ε I)−1Y .
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Finally, we obtain

1
|2π(Kf ,f + σ2

ε I)|
1
2
e−

1
2Y

T (Kf ,f +σ2
ε I)−1Y

≤ 1
|2π((1− α)Kf ,f + αQ+ σ2

ε I)|
1
2
e−

1
2Y

T ((1−α)Kf ,f +αQ+αTr(Kf ,f−Q)I+σ2
ε I)−1Y .

We will use this upper bound to prove our main theorem.

D.2 Rate of Convergence and Related Lemmas

Claim 2. − log |I + 1−α
σ2
ε

(Kf ,f −Q)|
−α

2(1−α) ≤ α
2(1−α) log

(Tr(I+ 1−α
σ2
ε

(Kf ,f−Q))
N

)N
.

Proof. Based on the inequality of arithmetic and geometric means, we have

Tr(M)
N

≥ |M |1/N ,

given an positive semi-definite matrix M with dimension N . Therefore, we can obtain

|I + 1− α
σ2
ε

(Kf ,f −Q)|1/N ≤
Tr(I + 1−α

σ2
ε

(Kf ,f −Q))
N

.

By some simple algebra manipulation, we will obtain

α

2(1− α) log |I + 1− α
σ2
ε

(Kf ,f −Q)| ≤ α

2(1− α) log
(Tr(I + 1−α

σ2
ε

(Kf ,f −Q))
N

)N
.

We first provide a lower bound and an upper bound on the Rényi divergence.

Lemma 2. For any set of {xi}Ni=1, if the output {yi}Ni=1 are generated according to some generative

model, then

− log |I + 1− α
σ2
ε

(Kf ,f −Q)|
−α

2(1−α) ≤ Ey
[
Dα[p||q]

]
≤ − log |I + 1− α

σ2
ε

(Kf ,f −Q)|
−α

2(1−α) + αTr(Kf ,f −Q)
2σ2

ε

.

(7)
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Proof. We have

Ey
[
Dα[p||q]

]
= Ey

[
log p(Y )− log φ(0, σ2

ε I + (1− α)Kf ,f + αQ)− log |I + 1− α
σ2
ε

(Kf ,f −Q)|
−α

2(1−α)

]
= − log |I + 1− α

σ2
ε

(Kf ,f −Q)|
−α

2(1−α) + Ey
[

log φ(0,Kf ,f + σ2
ε I)

φ(0, σ2
ε I + (1− α)Kf ,f + αQ)

]
.

It is apparent that the lower bound to (7) is

− log |I + 1− α
σ2
ε

(Kf ,f −Q)|
−α

2(1−α) ,

since the KL divergence is non-negative. We then provide an upper bound to (7). We have

− log |I + 1− α
σ2
ε

(Kf ,f −Q)|
−α

2(1−α) + Ey
[

log φ(0,Kf ,f + σ2
ε I)

φ(0, σ2
ε I + (1− α)Kf ,f + αQ)

]
= − log |I + 1− α

σ2
ε

(Kf ,f −Q)|
−α

2(1−α)

− N

2 + 1
2 log

( |σ2
ε I + (1− α)Kf ,f + αQ|

|Kf ,f + σ2
ε I|

)
+ 1

2Tr
(
(σ2
ε I + (1− α)Kf ,f + αQ)−1(Kf ,f + σ2

ε I)
)

≤ − log |I + 1− α
σ2
ε

(Kf ,f −Q)|
−α

2(1−α) − N

2 + 1
2Tr

(
(σ2
ε I + (1− α)Kf ,f + αQ)−1(Kf ,f + σ2

ε I)
)
.

This inequality follows from the fact that Kf ,f + σ2
ε I � σ2

ε I + (1− α)Kf ,f + αQ. Since

1
2Tr

(
(σ2
ε I + (1− α)Kf ,f + αQ)−1(Kf ,f + σ2

ε I)
)

= 1
2Tr(I) + 1

2Tr
(

(σ2
ε I + (1− α)Kf ,f + αQ)−1(K̃)

)
≤ N

2 + αTr(Kf ,f −Q)λ1((σ2
ε I + (1− α)Kf ,f + αQ)−1)/2

≤ N

2 + αTr(Kf ,f −Q)
2σ2

ε

,

where K̃ = Kf ,f + σ2
ε I −

(
σ2
ε I + (1 − α)Kf ,f + αQ

)
and λ1(M) is the largest eigenvalue of

an arbitrary matrix M . We apply the Hölder’s inequality for schatten norms to the second last

inequality. Therefore, we obtain the upper bound as follow.

− log |I + 1− α
σ2
ε

(Kf ,f −Q)|
−α

2(1−α) + αTr(Kf ,f −Q)
2σ2

ε

.
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As α→ 1, we recover the bounds for the KL divergence. Specifically, we get the lower bound
Tr(Kf ,f−Q)

2σ2
ε

and upper bound Tr(Kf ,f−Q)
σ2
ε

[Burt et al., 2019].

Lemma 3. Given a symmetric positive semidefinite matrix Kf ,f , if M columns are selected to form

a Nyström approximation such that the probability of selecting a subset of columns Z is proportional

to the determinant of the principal submatrix formed by these columns and the matching rows, then

EZ
[
Tr(Kf ,f −Q)

]
≤ (M + 1)

N∑
m=M+1

λm(Kf ,f ).

This lemma is proved in [Belabbas and Wolfe, 2009]. Following this lemma and by Lemma 2, we

can show that

EZ
[
− log |I + 1− α

σ2
ε

(Kf ,f −Q)|
−α

2(1−α)

]
= EZ

[
α

2(1− α) log |I + 1− α
σ2
ε

(Kf ,f −Q)|
]

≤ EZ
[

α

2(1− α) log
(Tr(I + 1−α

σ2
ε

(Kf ,f −Q))
N

)N]

≤ αN

2(1− α) logEZ
[(Tr(I + 1−α

σ2
ε

(Kf ,f −Q))
N

)]
≤ αN

2(1− α) log
{

1 + 1− α
σ2
ε

(M + 1)
∑N
m=M+1 λm(Kf ,f )
N

}
.

As α→ 1, this bound becomes 1
2σ2
ε
(M + 1)

∑N
m=M+1 λm(Kf ,f ). Following the inequality and lemma

above, we can obtain the following corollary.

Corollary 1.

EZ∼v[Tr(Kf ,f −Q)] ≤ (M + 1)
N∑

m=M+1
λm(Kf ,f ) + 2Nvε.
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This inequality is from [Burt et al., 2019]. Using this fact, we can show that

EZ∼v
[
− log |I + 1− α

σ2
ε

(Kf ,f −Q)|
−α

2(1−α)

]

≤ α

2(1− α) logEZ∼v
[

log
(Tr(I + 1−α

σ2
ε

(Kf ,f −Q))
N

)N]
≤ αN

2(1− α) log
[
1 + 1− α

σ2
ε

[(M + 1)
∑N
m=M+1 λm(Kf ,f ) + 2Nvε]

N

]
.

The next theorem is based on a lemma. We will prove this lemma first.

Lemma 4. Then,

Dα[p||q] ≤ − log |I + 1− α
σ2
ε

(Kf ,f −Q)|
−α

2(1−α) + ‖Y ‖2 αTr(Kf ,f −Q)
σ4
ε + ασ2

εTr(Kf ,f −Q)

where λ̃max is the largest eigenvalue of Kf ,f −Q.

Proof. Based on Claim 1, we have

Lupper = log 1
|2π((1− α)Kf ,f + αQ+ σ2

ε I)|
1
2
e−

1
2Y

T ((1−α)Kf ,f +αQ+αTr(Kf ,f−Q)I+σ2
ε I)−1Y

≤ −1
2 log |(1− α)Kf ,f + αQ+ σ2

ε I| −
N

2 log(2π)− 1
2Y

T ((1− α)Kf ,f + αQ+ αλ̃maxI + σ2
ε I)−1Y

:= L′upper,

using the fact that Tr(Kf ,f −Q) ≥ λ̃max. Then, we have

L′upper − Lα(q)

= − log |I + 1− α
σ2
ε

(Kf ,f −Q)|
−α

2(1−α)

+ 1
2Y

T
(

((1− α)Kf ,f + αQ+ σ2
ε I)−1 − ((1− α)Kf ,f + αQ+ αλ̃maxI + σ2

ε I)−1
)
Y .

Let (1−α)Kf ,f+αQ+σ2
ε I = V ΛαV

T be the eigenvalue decomposition and denote by γ1 ≥ . . . ≥ γN

12



all eigenvalues. Then we can obtain

1
2(V TY )T

(
Λ−1
α − (Λα + αλ̃maxI)−1

)
(V TY )

= 1
2z
′T
(

Λ−1
α − (Λα + αλ̃maxI)−1

)
z′

= 1
2
∑
i

z′2i
αλ̃max

γ2
i + αγiλ̃max

≤ 1
2 ‖Y ‖

2 αλ̃max

γ2
N + αγN λ̃max

≤ 1
2 ‖Y ‖

2 αλ̃max

σ4
ε + ασ2

ε λ̃max
,

where z′ = V TY . Therefore, we have

Dα[p||q] ≤ − log |I + 1− α
σ2
ε

(Kf ,f −Q)|
−α

2(1−α) + 1
2 ‖Y ‖

2 αλ̃max

σ4
ε + ασ2

ε λ̃max

≤ − log |I + 1− α
σ2
ε

(Kf ,f −Q)|
−α

2(1−α) + 1
2 ‖Y ‖

2 αTr(Kf ,f −Q)
σ4
ε + ασ2

εTr(Kf ,f −Q) .

For simplicity, we split our main theorem into two theorems and prove them separately.

Theorem 1. Suppose N data points are drawn i.i.d from input distribution p(x) and k(x,x) ≤

v,∀x ∈ X . Sample M inducing points from the training data with the probability assigned to any

set of size M equal to the probability assigned to the corresponding subset by an ε k-Determinantal

Point Process (k-DPP) [Belabbas and Wolfe, 2009] with k = M . If Y is distributed according to a

sample from the prior generative model, with probability at least 1− δ,

Dα[p||q] ≤ α
(M + 1)N

∑∞
m=M+1 λm + 2Nvε
2δσ2

ε

+

1
δ

α

2(1− α) log
[
1 + 1− α

σ2
ε

[(M + 1)N
∑∞
m=M+1 λm + 2Nvε]
N

]N
.

where λm are the eigenvalues of the integral operator K associated to kernel, k and p(x).
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Proof. We have

EX
[
EZ|X

[
EY
[
Dα[p||q]

]]]
≤ EX

[
EZ|X

[
− log |I + 1− α

σ2
ε

(Kf ,f −Q)|
−α

2(1−α) + αTr(Kf ,f −Q)
2σ2

ε

]]
≤ EX

[
αN

2(1− α) log
[
1 + 1− α

σ2
ε

[(M + 1)
∑N
m=M+1 λm(Kf ,f ) + 2Nvε]

N

]]
+

α
(M + 1)

∑N
m=M+1 λm(Kf ,f ) + 2Nvε

2σ2
ε

]
≤ αN

2(1− α) log
[
1 + 1− α

σ2
ε

[(M + 1)N
∑∞
m=M+1 λm + 2Nvε]
N

]
+

α
(M + 1)N

∑∞
m=M+1 λm + 2Nvε
2σ2

ε

.

By the Markov’s inequality, we have the following bound with probability at least 1 − δ for any

δ ∈ (0, 1).

Dα[p||q] ≤ α
(M + 1)N

∑∞
m=M+1 λm + 2Nvε
2δσ2

ε

+

1
δ

α

2(1− α) log
[
1 + 1− α

σ2
ε

[(M + 1)N
∑∞
m=M+1 λm + 2Nvε]
N

]N
.

As α→ 1, we obtain the bound for the KL divergence.

Theorem 2. Suppose N data points are drawn i.i.d from input distribution p(x) and k(x,x) ≤

v,∀x ∈ X . Sample M inducing points from the training data with the probability assigned to any

set of size M equal to the probability assigned to the corresponding subset by an ε k-Determinantal

Point Process (k-DPP) [Belabbas and Wolfe, 2009] with k = M . With probability at least 1− δ,

Dα[q||p] ≤ 1
δ

α

2(1− α) log
[
1 + 1− α

σ2
ε

[(M + 1)N
∑∞
m=M+1 λm + 2Nvε]
N

]N
+

α
(M + 1)N

∑∞
m=M+1 λm + 2Nvε
2δσ2

ε

‖Y ‖2

σ2
ε

where C = N
∑∞
m=M+1 λm and λm are the eigenvalues of the integral operator K associated to

kernel, k and p(x).
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Proof. Using lemma in appendix, we have

Dα[p||q] ≤ − log |I + 1− α
σ2
ε

(Kf ,f −Q)|
−α

2(1−α) + 1
2 ‖Y ‖

2 αTr(Kf ,f −Q)
σ4
ε + ασ2

εTr(Kf ,f −Q)

≤ − log |I + 1− α
σ2
ε

(Kf ,f −Q)|
−α

2(1−α) + 1
2
‖Y ‖2

σ2
ε

αTr(Kf ,f −Q)
σ2
ε + αTr(Kf ,f −Q)

≤ − log |I + 1− α
σ2
ε

(Kf ,f −Q)|
−α

2(1−α) + 1
2
‖Y ‖2

σ2
ε

αTr(Kf ,f −Q)
σ2
ε

.

Following the same argument in the proof of Theorem 1, we have

α

2(1− α) log
[
1 + 1− α

σ2
ε

[(M + 1)N
∑∞
m=M+1 λm + 2Nvε]
N

]N
+

α
(M + 1)N

∑∞
m=M+1 λm + 2Nvε
2σ2

ε

‖Y ‖2

σ2
ε

.

As α→ 1, we reach the bound for the KL divergence.

D.3 Smooth Kernel

Proof. We know C(M+1)
2δσ2

ε
< 1

Nγ+1 . By Theorem 2, we can obtain the following bound

Dα[p||q] ≤ 2α R
σ2
ε

1
Nγ

+ 1
δ

α

2(1− α) log
[
1 + (1− α)

( 4δ
Nγ+2

)]N
< 2α R

σ2
ε

1
Nγ

+ α
( 2
Nγ+1

)
= α

Nγ
(2R
σ2
ε

+ 2
N

).

D.4 Non-smooth Kernel

For the Matérn r + 1
2 , λm � 1

m2r+2 kernel, where � means “asymptotically equivalent to”, we can

obtain
∑∞
m=M+1 λm = O( 1

M2r+1 ). Let
∑∞
m=M+1 λm ≤ A 1

M2r+1 . Then by Theorem 1, we have

α
(M + 1)N

∑∞
m=M+1 λm + 2Nv0ε

2δσ2
ε

‖Y ‖2

σ2
ε

≤ α
(M + 1)NA 1

M2k+1 + 2Nv0ε

2δσ2
ε

RN

σ2
ε

= αR

2δσ4
ε

((M + 1)N2A

M2r+1 + 2N2v0ε
)
.
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In order to let limN→∞
(M+1)N2

M2r+1 → 0, we require M = N t (t will be clarified shortly). Therefore,

(M + 1)N2A

M2r+1 = (N t + 1)N2A

N (2r+1)t ≤ A

N2rt−2 .

Let 2rt− 2 ≥ γ, then t ≥ γ+2
2r . Therefore, we have

αR

2σ4
ε

((M + 1)N2A

M2r+1 + 2N2v0ε
)
≤ αR

Nγσ2
ε

+ αRA

2δσ4
εN

γ
.

Another term in the bound can also be simplified as

α

2(1− α) log
[
1 + 1− α

σ2
ε

[(M + 1)C + 2Nv0ε]
N

]N
≤ αN

2(1− α) log
[
1 + (1− α)

( A+ 2δ
σ2
εN

γ+2
)]
.

It can be seen that we require more inducing points (O(N t)) when we are using non-smooth kernels

and t decreases as we increase the smoothness (i.e., r) of the Matérn kernel.

E Prediction

We have

p(U |X,x∗,Y ) = N (KU ,f∗Ξ−1Y ,KU ,U −KU ,f∗Ξ−1Kf∗,U ).

Also,

p(y∗|X,U ,x∗,Y ) = N (Kf∗,UK
−1
U ,UU ,Kf∗,f∗ + σ2

ε I −Kf∗,UK
−1
U ,UKU ,f∗).

by Gaussian identity. Combining above equations,

p(y∗|X,x∗,Y ) = N (AΞ−1Y ,Kf∗,f∗ + σ2
ε I −AΞ−1AT ), (8)

where A = Kf∗,UK
−1
U ,UKU ,f∗ and Kf∗,f∗ denotes the covariance matrix evaluated at x∗. Conse-

quently, the predicted trajectories have mean AΞ−1Y and variance Kf∗,f∗ + σ2
ε I −AΞ−1AT .
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F More Results

We provide more detailed results in this section. In table 1, we report the negative loss of each

method. In Table 2, we report the sharpness measures of solutions found by each method.

Table 1: NLL of all models on many datasets. The NLL is calculated over 20 experiments with different initial points.
For the Rényi GP, we also report the optimal α value.

Dataset EGP SGP PEP Rényi Optimal α

Bike 0.41± 0.02 0.15± 0.03 0.10± 0.01 −0.28± 0.01 0.50
C-MAPSS −1.00± 0.01 −1.45± 0.01 −1.55± 0.02 −2.03± 0.01 0.45

PM2.5 2.04± 0.03 1.55± 0.03 1.83± 0.08 1.02± 0.04 0.55
Traffic −0.42± 0.01 −0.47± 0.02 −1.07± 0.01 −0.85± 0.04 0.50
Battery 2.23± 0.06 2.10± 0.02 2.17± 0.02 1.60± 0.01 0.50

Table 2: Sharpness of final solutions and RMSE (Battery Data)

M = 512 α = 0.2 α = 0.4 α = 0.5 α = 0.6 α = 0.8 EGP SGP PEP (optimal α)
Sharpness 13.70± 1.05 10.11± 0.97 4.38± 1.31 9.98± 0.79 15.22± 1.06 19.99± 0.82 27.12± 1.44 18.43± 0.61

RMSE 18.29± 0.83 15.17± 0.55 9.90± 1.10 14.25± 1.02 19.88± 1.34 20.16± 1.06 29.96± 1.09 21.33± 2.04
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